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ESTIMATION OF THE IMPROVED METHOD OF
GRIDS AND APPLICATION FOR DYNAMIC
SOLUTIONS
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Abstract: The purpose of this paper is to develop and generalize the improved
method of grids (method of finite differences) described in (Kollats, 1969). For
obtaining of interpolation polynomials, the matrixes and method of uncertain
coefficients are used. The essential simplification of the calculation formulae is
received. The question of accuracy of the obtained solution is examined. The
numerical results are presented. The use of overlapping of interpolation intervals
allows increasing an accuracy of the solution. The calculation results show that it is
possible to adjust the accuracy of the solution either by changing the degree of the
interpolation polynomial or with the help of overlapping of intervals.
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1. Introduction

In this paper we focus on partial differential equations in which of the
parameters are not known exactly but affected by a certain amount of uncertainty,
and hence described in terms of random variable (Marc, 2007). We shall confine
ourselves to consider only the differential equation with zero regional conditions. In
the case of general boundary conditions it is required to apply the matrixes, which are
interpolated on Ermit. These matrixes turn out less elegant and more cumbersome,
than the Vandermond matrixes, as both values of function and their derivative will be
defined in this case. The method of uncertain coefficient can be used as for the
traditional method of grids as for the “improved method of grids", which has been
developed Kollats (Kollats, 1969) especially for solution of partial differential
equations. The method of grids allows to reduce a task of continuous analysis to a
problem of solution of system of the algebraic equations. The accuracy of the used
interpolation polynomials is established by the well-known formulas from literature
(nassar & Eissa, 2003). This situation is quite common in the engineering practice.
The theory of the method of finite differences is based on the theory of the
approximation of functions, when values of them in discrete points are known. For
this purpose, the interpolation polynomials obtained by the method of the uncertain
coefficients are applied. Such approximation is possible to execute without resorting
to the finite difference schemes (Jensen, 1972).

2. Approximation by a Method of Uncertain Coefficients

Let's consider the closed interval [a, b], which is a part of wider interval [A, B]
(Fig.1). We set a task to approach the given function y=f (x). The task of dot
approximation "forward" is solved by a method of uncertain coefficients (Miln,
1951). Arbitrary located an interval [a, b] on an axis x with length I=b—a, is divided
on n of equal parts of length h = (b-a)/n. Points of division or so-called nodes are

designated in order of their following or increasing X1 %11 X9+ Xn (Fig.1). Let's
take into account, thatAx=i-h; andi=0,12,...,n. To these values x; correspond to
the values of approximation function Yo ¥1: Y2+ Yn-

It is required to find interpolation polynomial coefficients Pn(x) of degree n
Pn(x)=a0+a1x+a2x2+...+anx”, (1)

which graph passes consistently one time through all valuesy;,i=0,1,2, ..., n
and only once.
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Fig. 1 The closed interval of [a, b]

For simplification of the task we make substitution of coordinates and use the
dimensionless argument &, applying the following formulae

b-a .. . ¢_N(x—a)
—a+—2&50<E<n; =279 2
X=a+-—=£0<8<n; ¢ b g (2)
With the help of the formulas (2) it is possible to make transfer of a beginning of
coordinates to a point x = a, that is to change scale on an axis x. After replacement of
arguments x in the interpolation polynomial (1) to dimensionless £ we receive

PR(E)=ag +agé+ayé? +..+ané" 3)

The mutual transition from the polynomial (1) to the polynomial (3) and back is
carried out with the help of the transformation formula (2). It is possible to write
down the polynomial Pf(£) in matrix symbolic as follows

20
il

“2
PhiE)=[1 ¢ &2 3..enflog =Ll o) @

an

Substituting in the polynomial Pf(£) the integer values of dimensionless

argument & and appropriate values of function y, the following system of the
equations for calculation coefficients « is obtained:
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Pﬁ"(O):a0+ 0 +0+.+ 0 =y,

Pﬁk(l):a0+ o +oyt.tan =Y

PRR)=ag +20y +4ay+..+2Nan =Y, (5)
PRB)=cp+30q +9a,+...+3Tan =y,

Pﬁ“(n)=a0+na1+n2a2 +...+napn = yp
This can be written down in a matrix form

Wh-fa}=1y} (6)

Where

Wn|-Vander monde matrix, which elements is degrees of a natural line
numbers.

100..0 ]

111 .1
[vv]=124 LN (7)
nN=l139 ... 3n

1nn2.. N

The Vander monde matrix is not particular; therefore finding the inverse matrix
to it is not difficult task and does not require the large efforts (Korn et al.).

Multiplying the equation (6) at the left on B/V]_1 the line of coefficients {a} is
determined

=Wty (8)

Substituting expression (8) in the formula (4) we can present interpolation
polynomials in the matrix form

Prle)-e Wl = {1e £2.. 0 Tty ©

Approximate a broken line consisting of straight lines y = 0 and
y =-12 (&£- 2), by the fourth degree polynomial (Fig.2).
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Hlg—o0:177-82+2

Fig. 2. Approximate a broken line

The calculation results of coefficients {&} by the formula (9) are given in a
table form

2 Wntyi= e
24 0 0 0 0 0 0
-50 96 -72 32 -6 0 -10
35 -104 114 -56 11 0 17
-10 36 -48 28 -6 -12 -8
14 6 -4 1 -24 1

As the matrix WL
divided on 4! =24,

In case of approximation of function on the extended interval [A, B], which can
consist of several intervals of a type [a, b], are used the earlier received formulae. It is
allowed, that intervals [a, b] can overlap each other or be imposed against each other.
On Fig. 3. one of such possible cases is shown.

is multiplied on 4!, the coefficients {&} then should be

1 2 3 4 5 6 7

'[ﬂ, EJj- [ﬂJ EJ ]w

il P

Y

Fig. 3. The approximation function on the extended interval
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The corresponding to an interval [a, b] ordinates are denoted yq, yi..., yo. The
corresponding to the next interval [a, b]® ordinates are denoted y(’;,yik,...,y;';. The

ordinates Y3, yE") and Yq yf coincide both on the location and on size. Intermediate

ordinate in area, where there is "overlapping (Fig.3) is possible to receive by two
ways:

1) Substituting in interpolation polynomials a value & from the interval [a, b],
2) Substituting in interpolation polynomials value £ from the interval [a, b]*.

In general case the given substitutions give various, but close results, this is
explained by inexactitude of interpolation formulae. It is known, that the error of
interpolation formulae is less in middle of an interval of interpolation and is great
outside of it. In particular it is necessary to take into account this circumstance in
calculation a derivative. Therefore it is expedient to use overlapping of intervals,
especially, if the high order derivatives are to be calculated.

For preservation the accuracy of derivative calculations a higher order
polynomial should be applied in comparison with polynomial which used for
calculation of the function. The numbering of nodes is established in case of
approximation of function in the extended interval [A, B]. In general case this
numbering will differ from nodes numbering in the interval [a, b].

It should be noticed, that the beginning of coordinates of interpolation
polynomials can be changed arbitrarily, but to change the order of following of nodes
and corresponding ordinates is not allowed in any event.

3. Interpolation of Derivatives Function

From the formula (3) follows, that for calculation a derivative of interpolation
polynomial is sufficient to differentiate only matrix-line {g}T. Other multipliers of
expression (9) are invariant to operation of differentiation.

Above-mentioned statement in identical degree concerns to operation of
integration. For example, third derivative from the polynomial (9) will be defined as

n—3

3p* !
dL?f@oooa 24.-& 120.§2...n(n—1)(n—2)5( ) Wiy} (11)

dg

It is possible with the help of the formula (11) to calculate derivative value in
any point ¢ of the interval [a,b]. For example, at ¢ = 1 the third derivative value is

equal

d’P"(¢)

i =[0006 24 120 ..n(n-1)(n-2)]" W, ] {y} (12)

&=l
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It is important to know in the method of grids the derivative values in nodes of
interpolation. These values are easy obtained from the formulae (12) if suppose, that
& accepts consistently the values as: £=0, 1, 2,...,n. Then the line of m" derivative

from [£]" becomes a square matrix. At n = 4 matrixes-columns or the vector-column
second derivative from P/ (£) will be

0020 0
d2pr(z) (0026 12 4 ) 4
Py )= 42( 00212 4 W,| Ti=Ha W, Ty (@3)
dé 00 2 18 108
00 2 24 192

Where [-]," is a matrix, which turns out as a result of the given operations. The

lower index of the matrix specifies the polynomial order, and upper index - the
derivative order.
For example, the expression (12) for third derivative will be written down as

d” dpgf) = [ T Hy) (14)

The foregoing formulae for differentiation of functions, which are given in
discrete points, are generalization of the classical formulae of numerical
differentiation. Their error can be appreciated similarly, as it is carried out in the
classical methods.

Let's introduce a matrix [OM)|, which simultaneously carries out both operations

of interpolation and differentiation of function given by a vector {y!

oM=L (15)

With the help of (15) the transition from the given differential equation to the
appropriate system of the linear algebraic equations becomes simpler.

We shall confine ourselves to consider only the differential equation with zero
regional conditions. In the case of general boundary conditions it is required to apply
the matrixes, which are interpolated on Ermit. These matrixes turn out less elegant
and more cumbersome, than the Vandermond matrixes, as both values of function
and their derivative will be defined in this case.

So we have

aEly" +[relly’ + AlsElly =1 (£) (16)

Withy (0)=0andy (n)=0
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Where |g(&)} [r(&)| and [s(€)] are diagonal matrixes with the corresponding values
of functions g(&) r(&) and s(¢) in points or nodes of interpolation, f(£) is free

function in the right part in the same points or nodes.
Taking into account (14) and (15) the system of the linear algebraic equations in
a matrix form will be

lac)ion i+ Ir¢)ion lty)+ Alsie)iyi=1f £)) (17)

This system of equations (17) according to the distributive operation can be
written down in more convenient form

latg)lon |+ Irc)lon |+ Alse iyi= if (&)
Dliy}={f &)} (18)

Or

Where [D]=[g(&]lop ]+ [r(g)]{oln}wi[s(f)] is a matrix operator of given differential

equation. In case of constant coefficients the matrix operator becomes simpler. As all

m matrixes, included in equation (18) can be calculated beforehand, the
inferring (composing) of the equations becomes considerably simpler. The solution of
system of the algebraic equations (18) can be carried out with the help of a inverse
matrix

I=DI @) (19)

Such solution is especially convenient in case of a large number of the right
parts {f (£)]. In this case the inverse matrix [D]‘1 will carry out a role of resolving
equation.

4. Numerical Results

For an illustration we consider some elementary examples. Euler problem about
a longitudinal bend. The differential equation of deflection curve in bend of beam
(Fig.4) loaded by the longitudinal force F and using a dimensionless coordinate &,
can be written as

x__gg 4X 42, ay-o, (20)
" de?
Where
2
a=Fl (1)
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With the boundary conditions v(0)=v(l)=0.
A
4 h=1/49
0" Vi
T
l
i}
Bl [ i =
= =
[
— F
L\LE —4—:}(”_ II
! i "
=7
_ r} (- I
= : - F
- ;L_‘]—ws-— v
| |
Fig. 4. Euler problem
The matrix operators [0;] and [0}] will be accordingly
L0021 0 0] [1-21
[05}:[—]2[%} =|002|-15 2 -05/=|1 -2 1 (22)
002y 05 -1 05| |1 -21
And
70 —208 228 -112 22
1 22 -40 12 8 -2
=phw, ] =212 32 60 32 -2 (23)
03 =FlalWy | "=

-2 8 12 -40 22
22 -112 228 -208 70

Using the expression (18) and operator [Oﬂ (22) the characteristic system of the
algebraic equations is obtained from equation (20), taking into account overlapping

of intervals
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—V +2Vy —Vg =4V,

Which gives the critical force value for Il (see fig.4)

_ 9.38El
ka B |2

With an error 5.2 %.
Applying the operator [OH (23), according to the expression (18) in equation

(20) without taking into account the overlapping of intervals, we receive the
characteristic system of the equations with the same number of unknowns

40v1 —12v2 — 8v3 = G)v1
- 32v1 + 6Ov2 — 32v3 = G)v2 =41

Which gives the value

E - 9.395EI
kp |2

With an error 5.0 %.
Increasing the division numbers or nodes (Fig.5), using operator[oﬂ, we

receive

With an error 0.81 %.

Fig. 5. Numerical results
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Applying operator [Oﬂ in case of double number of nodes (Fig.5) and using the

overlapping of intervals so, that a beginning of an interval [a, b] is consistently
combined with the nodes of the extended interval [A, B] one after another 0, 0, 1, 2,
3, 4, 4, the characteristic system of the equations is obtained, where

_ FI2
A= 64El
— 32v1 + 60v2 — 32v3 + 2v 4 = 4!/1v2
2v1 —32v2 + 60v3 — 32v 47+ 2v5 :4!/1v3
2v2 - 32v3 + 60v 4~ 32v5 + 2v6 =4 Av 4

2v3 — 32v 47t 60v5 - 32v6 + 2v7 :4!/1v5
2V 4~ 32v5 + 60v6 — ?,~2v7 :4!/1v6
2V 4~ 8v5 - 12v6 + 40v7 :4!/1v7

_9.87544El

=y = i 0,
kp |2 with an error 0.05 %.

The value of critical force will be F

5. Two Dimensional Problem

The above-mentioned technique for receiving ordinary derivative can be
extended to calculation a partial derivative. Let's describe one possible variant. Let's
accept additional notations and consider with the purpose of simplification a two-
dimensional problem only. We assume that a function U of two variable is
transformed using the dimensionless abscissa £and ordinate ». The transformation is

carried out with help of formula (2). The integer variables ¢ and » form a square grid
(Fig.6).

”
0 |4 1 4 2 4 3 1 4 4
0 301 3 2 3 3 3 1 3
0. |2 1 2 2 2 3 2 4 2
0 1 1 1 2 1 3 1 1 1
0 0 1 0 2 0 3 0 4 0

Fig. 6. Two dimensional problem
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Nodes of the grid are defined by two indexes. The first index corresponds to
integer abscissa &, second — to ordinate 77. It is expedient to join points laying on the
same horizontal or vertical, that means having one and same abscissa or ordinate.
Such association of points we shall name a vector-abscissa, with ordinate k and to

denote {u, | or vector-ordinate with abscissa i and to denote {Uin}’ where k =0, 1, 2,
., r<n;1=0,1,2,...,s; s<n. Further in abbreviated form, accordingly “a vector
k “and “a vector i.

The symbol [Of")| remains, but two indexes to it are added. They are written in

brackets at the left and specify coordinates of a point or a vector-abscissa or a vector-
ordinate, along which the partial derivative are calculated. The upper index shows,
according to the accepted notation, the order of the partial derivative.

Calculations of the partial derivative are carried out according to the above-
mentioned rules of numerical differentiation. Interpolation polynomial, appropriate to

a vector{Uin}, Is differentiated onz. Let's consider an example, where the

interpolation is carried out on five points, that is n = 4. We assume that it is necessary
to find the second partial derivative from the interpolation polynomial in the point
(2, 1). Taking into account the expression (10) and the notation (13) yields

[2,1jlofz/ I Zluzz,l[oﬂ{u 51}:{0 0212 48] Nv]‘l{u 51}:

Yo
1 T 1 T
- ;2326032 -2) {uﬂ}:ﬂ{—z 326032 -2[' U, | = (24)
Us1
YUs
1
ﬂ{—2u01 #3201 —60U,; +32U5 ~2Uy )

To increase the accuracy of calculation of this derivative (@ 2)[022/552% in

the point (4, 2) transfer the beginning of coordinates of the interval [a, b] to the point
(4, 2). 1t will correspond to differentiation of the interpolation polynomial, which is

defined by a vector{Uéz}, £=2,3,4,5,6.

The above-mentioned derivative can be calculated as
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[4'2][022/852 = (4 2)[0” H 52} po021248f W, {u 52}:
Y2
1 T 1 T 32 25
= 52326032 -2/l [U .y} = - [-232 ~60 32 2] 342 = (25)
52
.

1
_ﬂ{—zu22 +32U5, —60U,, +32Uc, —2u62}.

The calculation of partial derivative with respect of variable; is made by a
similar way.

Mixed partial derivative are calculated by the same rules, which are applied to
interpolation polynomials along axes ¢ andz. In case of numerical differentiation on
& it is necessary to use so much vectors abscissa, how many points the used operator
demands at numerical differentiation on;. For example, at n = 4 five vectors are
required. The result of calculation mixed derivative does not depend on the order of
differentiation on ¢ and#. For increase of accuracy it is necessary to use overlapping
of intervals.

Let's explain by an example. Let it is required to find a magnitude of fourth
mixed derivative in a point (2, 1). This operation, taking into account the entered
notation will be written down so

[(324/8528 n? ]U [022/5 n? ] [022/552 ]{ U } (26)
21 21 2,1 i
Here vector [2,,7]1022/ o 2}{u s will be defined with the help of the formula

(24)

} —2U g +32U; —B0U 5 +32U5, - 2U 4
~; +32U 1 -60U,; 33, -y | (27)
~2U gy +32U1 5, 60Uy +32U 5, —2U 4,
2300 | e
- 0413801470+ 34 =gy

N
=
(@)
o
Wi
N
—
o
=
[l
T n ) T
N
(@)
Y
—=
C
Wy
N
A
Il
N
-b‘H
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The calculation of the operator [2’1]{022/8772] is reduced to finding of a

matrix — line
02/on2]|_ 82 { 2 3 4}T -1 T
0 = 9% N W, = 02612
[2,1]{ x s A Vel = /
24 0 0 0 O
50 96 —72 32 -6 (28)

35-104 -114 56 111 =702 -40 12 8 2]
~10 36 -48 28 — 6
1 -4 6 -4 1

The required mixed derivative, expressed through values of the function [U £ ﬂJ

in twenty-five points taking into account expressions (27) and (28), will have the
following scalar expression

40
8772252 80U01 —1280U11 + 24OOU21 —1280U31 +80U41 29)
[21] 04 U= _m - 24U02 + 384U12 —720U22 + 380U32 —24U42
- 16U03 + 256U13 —480U23 + 256U33 —16U43
4U04 — 64U14 + 120U24 — 64U34 + 4U44

If the interpolation will be carried out on three points (square parabola), that the
second derivative operators in all nine points will be identical. In this case the fourth
mixed derivative in the central point (1, 1) will be

o4 02 02 Ugo—210+Y2g
on2o 2 on2 0£2 T
14057057 U = 1105 | 17|05 U} |=1-2 1 gy =203y +Uyy 1= (30
Upa =21 +Uos

=(Ugg =gy +Ugp =21+ 401 =2y +U0 -2y +U,

From general formula (26) we shall receive well-known result. Such approach
for calculation derivative allows rather easily changing a step of a grid and number of
nodes taken into account. In the case of change of the step it is necessary to resort to
overlapping of intervals so that in any point the nodes of two next, adjacent intervals

would coincide. In case of discrepancy of nodes it is necessary to calculate the
interpolation polynomial values on square-law interpolation or more exact.
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6. Conclusion

The received formulae allowed to carry out the approximation of functions and
their derivatives not resorting to differences as it is made in a classical method of
grids (method of finite difference). The use of overlapping of interpolation intervals
allows to increase an accuracy of the solution. The calculation results show that it is
possible to adjust the accuracy of the solution either by changing the degree of the
interpolation polynomial or with the help of overlapping of intervals. That is the main
difference not only from usual, but also from the “improved” method of grids. The
essential simplification of the calculation formulae is received, in particular case they
are the L. Kollats' formulae. Their receiving is carried out with the help of matrix
notable symbolic.

The received results can be applied to the solution of boundary problems of
various classes, problem of eigenvalues etc. In particular, this is supposed to use the
given approach for calculating the stress condition in threaded joints (Timoshenko,
Arzyassov & Strizhak, 1999, Haris & McCrew, 1992). The last is especially urgent in
vibrodiagnostic of structures, designs, machines, equipment, industrial and civil
buildings and so on. The used matrix symbolic gives the convenient tool for
realization of calculations with the help of computers. The possibility to omprove of
methodological basis of the Metrological assurance. Metrological assurance governs
the quality of the products. Significance of metrological assurance is particularly
obvious at the machine-building enterprises. Precision is the most important and
decisive product-quality index. When solving the tasks of diagnostics the
requirements to the precision of measuring devices are tighten by 1.5-1.6 times every
year (Yosida, 1984, Aryassov & Barashkova, 2009, Aryassov & Petrishenko, 2009,
Aryassov & Petrishenko, 2008). In this connection measuring systems integrated into
the net-communications of the enterprises become more and more necessary. At
present there is disparity between possibilities of modern technological equipment
and obstacles in the tasks of quality control both of technological process and
manufactured products. The principle of production metrological assurance
improvement is very urgent under existing conditions of manufacturing. It is
necessary to create measuring information systems using the latest achievements of
micro- and optoelectronics with computer processing of measuring results. Important
feature of such systems is a possibility of measurements intellectualization. It is
possible to improve present measuring complexes using modern technologies.
Creation of a series of interference measuring systems with submicron and nano-
metric precision — is the guarantee of quality and safety.
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